In robust combinatorial optimization with discrete uncertainty, two general approximation algorithms are frequently used, which are both based on constructing a single scenario representing the whole uncertainty set. In the midpoint method, one optimizes for the average case scenario. In the element-wise worst-case approach, one constructs a scenario by taking the worst case in each component over all scenarios. Both methods are known to be N -approximations, where N is the number of scenarios.
Introduction
We consider combinatorial optimization problems of the general form where c c c ≥ 0 0 0 is a cost vector, and X ⊆ {0, 1}
n is a set of feasible solutions. As realworld problems may suffer from uncertainty, robust counterparts to combinatorial problems have been considered in the literature, see [ABV09, KZ16] for surveys on the topic. The resulting robust (or min-max) optimization problem is then of the form min where U contains all possible cost vectors c c c 1 , . . . , c c c N against we wish to protect. As robust combinatorial problems are usually NP-hard, approximation methods have been considered [ABV07] . Two such heuristics stand out in the literature, as they are easy to use and implement, and have been providing the best-known approximation guarantee for a wide range of problems. While this guarantee has been improved for specific problems, they are still the best-known general methods (see [CG17] ). Both algorithms are based on constructing a single scenario that represents the whole uncertainty U. For the midpoint algorithm, we useĉ c c witĥ Theorem 1. The midpoint solutionx x x is an N -approximation for MinMax.
Theorem 2. The element-wise worst-case solution x x x is an N -approximation for MinMax.
Frequently, problems with "nice" structure (such as shortest path, spanning tree, selection, or assignment) have been considered in the literature, where it is possible to solve the nominal problem in polynomial time. In particular, this setting makes it possible to solve both of the above approaches in polynomial time by solving one specific scenario (i.e., finding x x x(ĉ c c) or x x x(c c c)). This can then be used, e.g., as part of a branch and bound procedure for the (hard) robust problem.
Recently, data-driven robust optimization approaches have been investigated in the literature (see, e.g., [DG17, BGK18] ). This paper has a similar research outlook by using the available data for better approximation guarantees, instead of ignoring structure that may be present. In a similar spirit, by analyzing the symmetry of an uncertainty set, [Con12] is able to derive improved approximation bounds for the related MinMax Regret problem with compact uncertainty sets.
The contributions of this paper are as follows. By re-examining the proofs for Theorems 1 and 2, we present a linear program (LP) to construct a scenario c c c that is "representative" for the uncertainty set U. We show that the resulting solution x x x(c c c ) has an approximation guarantee that is at least as good as the guarantee for x x x and x x x. We also compare the midpoint and element-wise worst-case approach in more detail and find that the latter can outperform the former if the number of scenarios is large. In numerical experiments, we compare the quality of upper and lower bounds of our approach with the midpoint method, and demonstrate that it is possible to find considerably smaller a-priori and a-posteriori gaps by solving a simple linear program.
Scenario construction based on the midpoint approach
Let OP T be the optimal objective value of problem MinMax, and let x x x * be any optimal solution. We make the following distinctions. We call r(c c c) an a-priori bound, if it does not require the computation of x x x(c c c) to find. Otherwise, we call it an a-posteriori bound.
The reason for this distinction is that calculation of x x x can be costly, if the nominal problem is not solvable in polynomial time.
As an example, the midpoint method usesĉ c c :
It comes with an a-priori bound that is N , but by using LB(ĉ c c) =ĉ c cx x x(ĉ c c), we can calculate a stronger a-posteriori bound.
We now consider the problem of finding a better a-priori bound than N . To this end, note that Theorem 1 can be proven in the following way. Proof. Analogous to the proof of Theorem 1.
Note that Problem (1-3) cannot be solved directly, as both the optimal solution x x x * and x x x(c c c) are unknown. To circumvent these two issues, we use different, sufficient constraints instead.
Lemma 5. Let c c c fulfil
for some value of t, and constant k such that k ≤ j∈[n] x j for all x ∈ X . Then, (t, c c c) also fulfils (2).
Proof. Let X = {j ∈ [n] : x j (c c c) = 1} and S = {S ⊆ [n] : |S| = k, S ⊆ X}. Then, the number of sets S in S containing a specific item j ∈ X is the same for all j. Let be this number. By summing (4) over all S ∈ S, we find that
and the claim follows.
Note that for constant k, it is possible in polynomial time to check if k ≤ j∈[n] x j for all x ∈ X . Also, the set S contains polynomially many elements. As an example, for k = 1, Constraint (4) becomes
and for k = 2, it becomes
In general, the constraints for some fixed k also imply the constraints for any larger k. This means that the larger the value of k, the larger is the set of feasible solutions to our optimization problem, and the better approximation guarantees we can get. 
We now consider the following linear program:
Note that we replaced variable t in Problem (1-3) with 1/t to linearize terms.
Theorem 7. Let (t * , c c c * ) be an optimal solution to Problem (5-9). Then, x x x(c c c * ) is a 1/t * -approximation for MinMax, and 1/t * ≤ N .
Proof. By Lemmas 5 and 6, (1/t * , c c c * ) is feasible for Problem (1-3). Using Lemma 4, we therefore find that x x x(c c c * ) is a 1/t * -approximation for MinMax. To see that 1/t * ≤ N , note that (1/N,ĉ c c) is a feasible solution to Problem (5-9).
Once a solution (t * , c c c * ) has been computed, we have found an a-priori approximation guarantee. If we then compute x x x(c c c * ), we can derive a lower bound c c c * x x x(c c c * ), as c c c * ∈ conv(U), and an upper bound by calculating the objective value of x x x(c c c * ) for
MinMax. This way, a stronger a-posteriori guarantee is found.
Example 8. We illustrate our approach using a small selection problem as an example. Given four items, the task is to choose two of them that minimize the worst-case costs over three scenarios. The upper part of Table 1 shows the item costs in each scenario.
item
3.67 5.00 4.33 5.33 c c c 3.75 6.88 6.75 5.50 c c c 3.00 8.00 9.00 7.00 Table 1 : Example item costs, with midpoint scenario (ĉ c c), our LP-based scenario with k = 1 (c c c ), and with k = 2 (c c c ).
The midpoint scenario (i.e., the average in each item) is shown in the row below (ĉ c c). An optimal solution for this scenario is to pack items 1 and 3. This means that we have an a-priori approximation ratio of N = 3, and can calcluate a lower bound LB(ĉ c c) =ĉ c cx x x = 8 and an upper bound U B(ĉ c c) = max i∈[N ] c c c ix x x = 12. Combining lower and upper bound, we find the stronger a-posteriori bound of 1.50.
Using our linear program (5-9) with k = 1, we construct the scenario given in the next row (c c c ) and find an a-priori guarantee of 1.33. For this scenario, an optimal solution is to take items 1 and 4. Accordingly, we find a lower bound of 9.25, an upper bound of 10, and an a-posteriori ratio of 1.08.
Finally, we also use our LP with k = 2 to find the scenario c c c and an a-priori guarantee of 1. This means that even before we have solved the problem, we already know that the resulting solution will be optimal. Indeed, we find that packing items 1 and 4 gives the optimal solution with objective value 10.
Note that we can also use the linear program (5-9) to strengthen the approximation guarantee of the midpoint scenarioĉ c c without calculatingx x x, by only keeping t variable.
We conclude this section by introducing an alternative approach to calculate aposteriori bounds, which cannot be used for a-priori bounds. To this end, note If the nominal problem can be written as a linear program, it can be dualized to find a compact formulation for the max-min problem. As bothĉ c c and the optimal solution to problem (5-9) are in conv(U), this approach will result in a lower bound which will be at least as good as the lower bounds of the other two approaches. This may not result in a better ratio beteen upper and lower bound, however. We will test this approach in the experimental section.
3 On the element-wise worst-case The following result is also from [ABV09] .
Theorem 9. The midpoint algorithm is an N -approximation for MinMax Regret; this does not hold for the element-wise worst-case algorithm.
In combination with Theorems 1 and 2, this means that there are no known problem classes where the element-wise worst-case solution gives a better performance guarantee than the midpoint solution. The midpoint solution has also been found to be the best-known general approximation algorithm for interval uncertainty problems [KZ06] . For these reasons, the midpoint solution has seen more attention in the research literature than the element-wise worst-case approach. However, in the following we show that if the number of scenarios is large, we element-wise worst-case approach can perform better than the midpoint approach, i.e., not only the size of the uncertainty set plays a role for approximability, but also the problem dimension.
Theorem 10. The element-wise worst-case algorithm is a |X|-approximation for MinMax, where |X| = max x x x∈X j∈[n] x j .
Proof. It holds that
Note that |X| ≤ n. The approximation guarantees from Theorems 1 and 2 are tight, as the following two examples for robust shortest path problems demonstrate (see also [ABV09] ). In Figure 1(a) , the midpoint solution cannot distinguish between the upper edge and the lower edge. Hence, in this case, the N -approximation guarantee is tight with N = 2. In Figure 1(b) , the element-wise worst-case solution cannot differentiate between the upper and the lower path. This instance is an example where the N -approximation guarantee is tight for this approach.
Note that the instance from Figure 1 (a) can be extended by using more scenarios, preserving that the midpoint solution is an N -approximation, without additional edges. This is not the case for the element-wise worst-case scenario in Figure 1(b) : To extend this instance to more scenarios, additional edges are required. This demonstrates that the midpoint solution is not a |X|-approximation, as shown for the element-wise worst-case approach.
Experiments
To test the quality of our LP-based scenario construction approach, we consider instances of the selection problem (see, e.g., [KZ16] ). Here, X = {x x x ∈ {0, 1} n :
j∈[n] x j = p} for some integer parameter p. We generate item costs c i j by sampling uniformly i.i.d. from {0, 1, . . . , 100}. We use instances sizing from n = 10, p = 3 to n p N Mid-1-Pre Mid-2-Pre Mid-3-Pre LP-1-Pre LP-2-Pre LP-3-Pre 10 3 2 Table 2 : Average a-priori bounds.
n = 30, p = 9 and use N ∈ {2, 5, 10, 50, 100}. For each parameter combination, we generate 1000 instances and average results. Table 2 shows the a-priori bounds for the midpoint approach when using our linear program (5-9) for evaluation with k = 1, k = 2 and k = 3 (Mid-1-Pre, Mid-2-Pre, and Mid-3-Pre, respectively). We compare this to the a-priori bounds that are found when also optimizing over the scenario c c c for k = 1, k = 2 and k = 3 (LP-1-Pre, LP-2-Pre, and LP-3-Pre, respectively). Note that overall, all guarantees are considerably smaller than N . Furthermore, our approach is able to improve the bound of the midpoint algorithm. On average, the guarantee that the midpoint approach gives is more than 20% larger than our guarantee.
We contrast the a-priori bounds with a-posteriori bounds in Table 3 , i.e., we calculate the solutions x x x(c c c) for the respective scenarios c c c and the resulting ratio of upper and lower bound. On average, the bound provided by the midpoint solution is around 17% larger than the bound provided by our approach with k = 2 or k = 3. The max-min approach (denoted by MM) performs slightly better than our approach (Mid-Post is on average 19% larger than MM-Post), but this comes without an a-priori guarantee, at the cost of higher computational effort, and it is not always possible to compute as explained in Section 2.
Finally, we show more details on the a-posteriori bounds by providing both the upper and lower bounds in Tables 4 and 5 . We find that our approach gives both better upper, and better lower bounds than the midpoint approach. While the MaxMin approach provides the best lower bounds, its upper bounds are often worse than for the midpoint solution. Table 5 : Average lower bounds.
Conclusion
Most robust combinatorial optimization problems are hard, which has lead to the development of general approximation algorithms. The two best-known such approaches are the midpoint method and the element-wise worst-case approach. Both rely on creating a single scenario that is representative for the whole uncertainty set. By reconsidering the respective proofs that both are N -approximation algorithms, we find an optimization problem to construct a representative scenario that results in an approximation which is at least as good as for the previous two scenarios.
In computational experiments using the selection problem, we test this approach numerically. We find that the midpoint method gives a guarantee that is about 20% larger than ours, while we only need to solve a simple linear program to construct the representative scenario. The improved a-priori guarantee is also reflected in an improved a-posteriori guarantee, with our approach providing both better upper and lower bounds than before. This smaller gap could potentially be used within branch-and-bound algorithms for a more efficient search for an optimal solution.
